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The Secondry Flow in a Cascde of Aerofols in a Non-Uniform Stream (None)
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A method Is given of calculating the secondary flow in a cascade of airfoils in a stream with a
variation of .pr,',eh velocity along the span of t h. airfoils. The results are compared with measure-
mints of the secondary flow at a cascade at a corner in a return-circuit wind tunnel, where the velocity
gradient is obtained as a normal consequence of flow through a diffuser. The agreement between theory
and experiment to satisfactory, and indicates that the theory is sound. The pressure drop coefficient
associated with the secondary flow as calculated from the measurements is 0.032 compared with a
value of 0.019 given by the theory.
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The Secondary I'1cn, , "a: Cascmv'lt 'Di,
Acrof oil:;- in a Ion-unifonnStme~~

b'y

A methorl is giVen1 Of ORCloulnting the ~wayfliw in a oasoado
of aerofoils in a stmeum with u. variation oi a c.~ vulocity along
tho span of thQ aerofoils * Thu resulto aro compa),red a-lth masure-
ments of thv socondary fllowv at a cascade at a oors. r in a roturn
circuit windl tunnul, whure the vooity gradioent i,7,bQ~e as a
normal uonuquunoo oif flow through a difi'uzueL.. Thu agrvemunt betwoun
theury and experimeunt is satisfaotory and indimcton that thu thoory is
sound.

Tho pressure drop ooofficiont )sLociatod vith the sooondazy
flow as oalouiatud from thu measurmeunt; is 0.032 loomparcd with a

valuo of 0.019 givun by the theory.
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1 Introduction

The oxistncu oi' secondary flow dovnstran of : . cancade of auro-
foils, in a strc:im of non-uniform velocity, :1.- well known. It con-
sists usually of -t pair of vortices in -,ch pas;%gu through thu oasoadu

with thu character ihovm in Fig.l. Ohu extent of thu secondary flow
defnds on thu ougrue of non-uniformity of the :ijproaching stram and
two typus of secondary flow oan bu distinguished. in the first typo
the stroa is uniform exoept for a thin boundary layer at tht walls.
The secondary flow is then limited to layers near thu und walls and

in the wakes of the cascadue. This type of motion has been invosti-
gated by arter and Cohen 1 .  In the second typu of floa thu stream is
non-u.niform over a large part of the sjpn of the vanus as will occur
if the oasoadu is placed at the end of aL diffuser in a wind tunnel.
The vortices shown in Rigsl thus extend over a large part of the cross
section and eventually combine to form a pair of large vortices.

This note deals only with the second typo of flow in which the
region of non-uniformity is large compared with the gap between the
vanes. In this oase, although the non-uniformity of the stream may
have boon oreatud by, frictional effects, the develotiiont of the sooond.-ry
flow system can bu considered as being independent of friction and can
be oaloulated fram the equations of motion of an ideal flaid.

The prolinLinary theory given in Ruf.2 is ;A-rLutly only valid for
small anglos of defletion.

There is an analogy betw(un the secondary f.i.ow ar.0 the motion of
a gyroscope. If a disc, which is rotating about its "xis of syinmotry,
is turned about an axis in its planu it develops an angular velocity
about a third axis perpendicular to the first tw.o, The analogy with
the present problem is obtained by supposing the disc to lie originally
in the plane containing the stream direction and the spunwise direction
of thv cascades. Its original rotation is associata vith the velocity
grandint alcng the spanw-ise direction of the cascades,. The disc and
the stream are than turned, on passage through the cascade, about an
axis along the cascade span. The rotation of the disc about its third
axis coxresponds to the uecond-ry flow of the chvaracter indicatud in
Fig .1.

2 Theory

2.1 -n oral

We start with the two-dimensional flow which would be present if
the approaching strcv-a were uniform. For any cascade this flw can be
defined by a velocity potential a (x,y) and a stream function p (x,y)
as shmn diagrammatically in Fig.2; x and y are Cartesian oo-ordinates
in the plane normal to the span of the cascades and z is measured along
the span.

The flow in one of the passages between the aerofoils and its
extensions ahead of and behind the aerofoils lies between two stream
lines p = constant, and we shall restrict consideration to a single
passage bounded in this way. Thu lines u = const., onst, form
an orthogonal curvilinear network made up of small squares and the

elements of arc measured along thse lines are haa and h,6p where

2i + \2 ~2 +~92h2 -_Y,
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Alternatively the quantity h can be regarded as proportional to
the reciprocal of the velocity of the two-dimensional flow at any point
in the field. We choose the scale of a and p so that h is equal
to unity far ahead of the casoade; h will also be e4ual to unity far
behind a cascade which gives a defleotion without expansion or ontrac-
tion.

Wu now considur thu flow past a casoado for which the approach
velocity distribution is non-uniform. Then, if the degree of non-
uniformity is not large, the two-dimensional flowy referred to above
can be regarded as a first approximation to the actual flow. We
assume that this is so and shall oalculate the actual flow by treating
it as a linear perturbation from the two-dimensional flow. The motion
is studied by referring it to the orthogonal curvilinear co-orlinates
a , 0 and z , th, distanou measured -along the span of the cascade.
Follorng the notation of Ref .3 the elements of length measured along
the directions of R , p , z increasing are hlbt , h2b6 and h3bz

respectively and for the present system hI = h2 = h and h 1 so
that those elements of length are hbc . h6p and 6z respeotively
and where h is independent of z. The velocity is v which has
components (u,v,w) in the diretions of (0 13 , z) inoreasing. The
vortioity is w with components (0 , and fran equation (35)
of Ohapter III of Rof.3 these are

-R h3 (h 3w) h (aP 7

h 1  8 ~ 8uz ha (1)

rM- (hlu) - - (h~w) - .... ())Pa 3w (z h af

h1 h2  2vh

The equation of steady motion of an ideal incompressible fluid in
vector form is3

V X = grad +

where p is the static pressure and p is the density. The components
of this equation corresponding to ap p3 and z are

- (R . 2') .V, ' (2)

iP +' 1 2 =W U 37 -

+(
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In addition we have the equation of oontinuity

div v = 0

or

(hu) + (h)+h 2 :  5

Also div 
0

sO that + '(h,) +h2  0 (6)

.1mnation of (' + v 2) from (3) and (4) gives
P 2

-(wIF - 02) (til - O
z haO

whaoh can.'be written

-h! i + h:t , ,p

')C)
-' a+ + z

Fron (5)

v+(hw 1 (h V ah

h R3 z h2 P h2 7"

and from (6)

.... ~(hF)- ,/
h l a K . h 2 7p

Substittirg in (7). we obtaLn

h2 a-u h ' + w-z h2 0-

S+ __ + _ +

h 7 .a h 2 00111 h " 2 z

If the approaohing stream has velooity U, where U is in general
a funtion of p and z , suich that the velocity variation is not large,
then the vorticity components r and are small quantities of the

l5t order and j is zuro in the approaohing stream (see oquation (1)).

"5a
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It ill be assued that on jasin3 tiaough thu cu.o.ae the vortioity
component r beomes a small quwtity of the first order.

For the two-dimensional basic motion we should hav

ha = U, V = =, (9)

and, since we are only considering small purturbations on this basic
motion, we oan rg~axl v and w as small quantities of the first

order; also ' (hu) isa : simll rM uantity of thu first order sinoe

it is zero for thu i:asic motion (oquation (5)). Wu shall neglect all
quantities of thu ecuond order in oluation (8) which becomes

u (h) - " u ih ;'u

~~~h2  : -'  h --P

or h2l

h)

From (2) and (4) we have

1 '- (ur (v,, -rI
h z

Now ; , , and v, w are all quantities of the first order so that
all terms in this equation except the first are quantities of the
second order; hence to our order of approximation

so that un is independent of u and equal to its value for upstream4
Hence

wn= -U, (n1)
FCu)

since u = U and I= aU/?z in the approaching stream. Substituting
for from (11) and for u from (9), euation (10) becomes

h4 )U a

or

P2 LUF 2 Uoh+~ (1.2)(h ) hL ( l og h) '

For the oascade with approach velocity variation only in the spanwise
direction aU/l3 is zero. In other cases whezv thu approaoh
velocity variations are not large the second tunn on the R.H.S. oan be
neglected in comparison with the first term so that

6.
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- hr -2h 2 -U l h);

thu rtuL~1uot of thu tun3i dup ufltim on U/ ±3i in acOc wvith tht)
aj4,.roxini,,tion3 intr(LLCOu'I 'JOVO.

WU now7 intugrL4t; (12) vrith rujpoot to ;front far upstroami to
far dowtntrowm obtaininti

(h-1  2i h2 .(log h) d:,13

whora tho suffix 1 donotas thu value far downstrunin. This fonnula
unAblos u.; to calculate tho couiponont vortioity along the strowm
direction doimstruwn of the casoade.

Sinco thu intugration in (15) is alorng tho struam lines of the
basic flow, wIO can U'-e a1 orudo ruprus'Untation of thqz; bauio flow for the.
caloul~ktion of the integra. F'or this purposo thu mnotion is assumed
to be uniform in front of ni behind thu cascade , with h =1 thuroj
within the passago -ve assinnew that thu basic inotion isi the irrotational
flow in, a circlQ rabout a vortex a-)t thu ountro o1' thc circlu. For this
latter motion

a m r 0 + ooiwt., !~ r o log (r/r ), h r/r 0

00

and -... Qog h)

C1 ro d

in the pasoage,and thus

* As a further approximtation vie shall assu that the; width of the passage
is small oanpared with thc radius s~o thlA r doe.,, not differ greatly,
from r 9across the -.s'g.I ,J(3 y then put r/r 0  ; in the above

* expression which becomu-

]h2 -(log h) dj (4

For thu ociplete basic moution ropreested ripprox.Unately bhy
uniformn approac foI vurved flovi i~n the passage boun led by two
circular cres undI uniforni flowu downstreani, we find that thu, value of
Sin thu outf1cv is, i~'an (1j) 9nd (4)
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"v'l l , u(1.5)
'1

where 6 (Fig.3) is thc total anglu of deflection of the stream;

we have put h = 1 downstrunm of the bend, and V1 , w, are the

z oonpononts of velocity far dovnstream.

I.f the motion settles dom to a steady secondary flow far
downstream superposed on the general stream we shall have U/z = 0

in (7), so that the equ~tion.of continuity becomes

-- - = (16)

Introducing a stream function of the secondary motion defined by

(16) iz satisfied and (15) boomnoa

2, 2, at;rz
-+-- 26-,(7
2 z2

It is assumed that the r is no flow across the extensions of the
nasoades denoted by p = :Lb (Fig.3) or at the und walls z. = 0, z s 2Z,
so that the boundary conditions may be taken to be , = 0 for =+ b

and for z = 0, z = 26.

The theory given above is a development of Karman and TsionIs
theory for snall deflections4 ; there are differences between the
two theories with regardt to the rotuntion of some second order terms.

2.2 Solution for a bend of high aspect ratio

If the width of the passage is snall compared with the height,
the secondary flow will be minly parallel to the span of the aerofoils
except near the end walls. The solution of (17) corresponding to

this type of flow is

( 2 . 2) au , (18)

v1 = b 2 ) - , w -20 -

p 2  3u
provdd that b2  Uis negligible in comparison with L ; for-,3 FIz

the velocity distribution considered below, this condition is satisfied
except near the stations mvarked A in Fig.4.

The expression (18) may be rugardud as a particular integral of

(17) and is the required solution :.wy fraa the end walls aund from A (Fig.4).



Report No. Acro.217

Nuir tit Und wal! z. 0 ye h w' to :-aia a corIlujiIntary function to
this Lartioular intcirul, to 8ati i' thu I-oiuid-ry condition thuro.
This corilumuntary function ic, tht woll-kno,.-n t.;urfaoQ wavo t tyj-u of
solution of Lapl-cu uqu'ttion and th.. complute integral is

_ 2 2 U b2 ) '.(2n+,z ." ,(2n l)'l
-. + . n [* Is- [ (19)

n{ 2bJ L 21r

This foxmn satisfies thu condition = 0 for P = + b, and the
Cooffioents iD ar dutuzininud by thu condition 0 for z = 0.
Putting z 0, 0 in (19) we obtain

(2 b2 ) + 11 Cos 0

(Qsj)Z=0 n0 2b

Hence j32(-)fl b
2 ~K'

so that thu coefficients decrease rapidly with increase of n.

We may thus to the order o' accuracy with which we are concerned
neglect all oxcept the first tsna in the series in which case we may
replaou tho fonn (19) by the expression

2 - exp (20)

LJ
The values of the two. onmporent velccitics are then

LIZ~ ex K 2) ( b 2 ) 2( I
(2:1)

l - 1 - exp z (22)

The equations (20), (21), (22) are valid for the upper half of the

channel 0 - a .

3 Experiments

An experimental chock of the theory was made at the first bend
of the R.A.E. 4' x 31 Wind I'unnvl. Thc velocity distribution approaching
the corner (.Fig.4) is such az to give an almost linear variation of
velocity for the first 15 inches away fran the wall. The centre passage
of the cascade which has a span of 6 ft. and a width 2b = 4.8 ins., was
used. The experiments consisted of measurcuents with a yawmeter, of
the angles of deflection of the stream in the and z directions.
The traverses covered the upper part of. the span of the turnling vanes
over which the approach velocity va-iation was appreciable. Because
of the uncertainty of the; main struam velocity t!he angles were obtained

9.
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by reading the pressure diffurunoe betweun the two tubes of the
yavmeter for sevural angular settings tnd interpolating.for zuro
difference. Thu slopes of thu curvus then also give the local
velocity.

To avoid interfurence from neighbouring passages, the trailing
edge of thu outer of thu two turning vanes enclosing the centre passage
was extendud as shown in Fig.5. The heads of thv yawietor were in-
serted about 4 in. into this passago.

4 Comkcrison of experiments with theory

A direct comparison of the measured secondary velocities with the
theoretioally predicted valuos is given in Figs.6 and 7. Fig. 6 shows
the velocities in the spanwise direction and Fig.? those normal to
the span. In both cases thj vulocities are made non-dimensional by
dividing by the men speed UM across the tunnel seotion approaohing
the corner.

The theoretical values of v, and w1 are given by equations
(21) and (22) using the velooity distribution given in Fig.4.

It will be seen in Fig.6 that agreement between theory and
experiment is quite gocd. In Fig.7 the agreement in the non-linear
region is nut so good though one might say that the experimontalcurve
is a smoothed out version of the theoretical curve. This really
means that second order effects are coming into play. The exponential
decay law predicted near the end wall is followed closely.

In Fig.8 a complete coparison of experiment with theory over
the whole region considered is given by plotting the streamlines of
the lateral motion, i.e. the lines = constant. The values of
appropriate to each streamline have been made non-dimensional by
dividing by ttb. The theoretical ;truzunlines are given by equation (20)
using the velocity distribution of Fig.4.

The experimental streamlines have been obtained by integration
of the secondary flow velocitius. Except in the region near the
end wall, the steps in thu process are as follows. We choose the
stamline along the boundaries of each passage as %= 0. Then the
value of * at any point (1), z) is given by

, -J wl d •

where the integration is performed at z = constant. In order that
both vanes bounding a passage shall be streamlines it is necessary
that

wI d = 0 for z = constant
'b

ani this condition was satisfied by adjusting the zero of the measure-
ments. The madmwn adjustment required was a change of the zero of
- of 0.04.

Near the end wall the streaolinos were obtained from the
z

integralf. vl dz. To join the streamlines the values of g, given

10.
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by the i meaW31rene'ntF *,,a jLotted Lg~ir.t -tw the vaclue of z

take(n, for v.Lich iL- L .. iniwn. Call tiese values zo, 0

At z o  since - = U, thL. vza l, 01 v must 'm adjusted to zero and
z 1

will th'nbe L' iv.n Yhy

+  v dz constant.
0

10

The maximum adjus tmunt required was a change of zero of vl/U of 0.04.

The differences betvauen theory snmd experiment are more apparent

in Fig.8 , the nwimun value of - being 0.255 from the measurements
UPb

and 0.204 fram the cc.lu ations. However the general characteristics
of the flow are the seine and the experiments confirm that the physical
basis of the theory is sound. The discrepancies can be attributed to
the second orlur uffects which have bvin noglected in the theory. For
example, considur an angular deflection of the flow of 250 At the end of
a passage. Aosnuing this deflection to grow linedrly round the curved
part of the passage then th, lateral deviation of a streamline through
the passage is about 8 ins. This deviation is sufficient to modify the
velocity gradient %tppreiably, ard, in fact, the measurements show that
the velocity gradient along the centre-line bf the passage becomes roversed

for the first 5 ins. uway from the wall.

5 Ynduced drag

The power loss asoociated "ith the seoondary flow is given by

2- *b

i + .dp z

0 "-b

We may therefore define an induced drag pressure drop coefficient

2" b2 .2

S+ :> >'c dz

Op* has been calculated both by integration of the measured secondary
flow and from the theoretical distributions. The respective values are
0.032 and 0019. Thu ne.sured v!a.lau is thus oj. tlW oraer of half the
profile drag pressure drop ooefficient 2 and should bu taken into account
in estimating corner loss.

It, is possible t.at there is some recovery of the energy in the
secondary flowv -.Cen mixing i-tut,'oen the flows from adjacent passages takes
place, and in ti-e case, 01 . -:ind tunnel there m.ay be some recovery at
subsequent corners, Hoaver it is unlikly that this recovery vuld
exceed 5 /

6 Conclusion

The xpti; ents shov; that thu theory give,; :, good approximation to
the socondary flo' in t casce'tk ' ith a 900 corner ani A large variation
of approach velocity.
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LIST OF S ,1 OLS

X~y Cartesian co-oniin-tcs in olane normal to span of cascade.

, Orthogonal curvilinuar co-ordinates in (x,y) plane.

z IMstance mua.u;ured along span from on end wall.

h The elements of length in (4p) co-ordinates are h(a and h6b.

r Radius at ,my point of passage butw(;wi two vanes.

r e  Mean radius of passage.

2b Width of passage at exit.

U Height of passage at exit.

e Angle of deflection at corner up to point as

Total angle of duflection at corner.

v Velocity vector writh components u,vw in directions

U Velocity of approach to corner.

V1 , V1 Values of vp w downstream of corner.

W Vortioity vector Yith components r, , , r in
directions a, j, z.

Stream function such that

S_-, V11=-
az 8

p Static pressure.

S Density.

12.
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FIG. 3.

FIG.3. SKETCH ILLUSTRATING CHANNEL USED
*TO REPRESENT ONE PASSAGE OF CASCADE.
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